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Abstract: Similarity analysis was created to study the properties of heat and mass transfer 

of ferro hydro dynamic (FHD) of steady nanofluid flow incorporating magnetite (Fe3O4) 

nanoparticles. A variable magnetic source is located at the end of a vertical plate immersed 

in the fluid which is responsible for generating the magnetic field affecting the FHD flow. 

The group method was employed to remodel the governing system into an ordinary 

differential equation system. The recent research was inspired by examining the effect of 

three parameters, including the volume fraction of nanoparticles ϕ, the magnetic field 

strength of the source γ, and the ambient temperature difference ratio〖 γ〗_T. The results 

showed that both velocity components decrease inside the boundary layer when ϕ and γ_T 

increase and slightly increase when γ values increase. The shear stress and temperature 

distribution of the fluid inside the layer decrease when ϕ increases while both increase when 

the other parameters increase. On the other hand, the heat flux increases only when ϕ values 

increase. 
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INTRODUCTION 
Nanofluid, a name coined by Dr.choi at the 

Argonne National Laboratory to describe a fluid 

consisting of solid nanoparticles with a size of less than 

100 nm suspended on it, usually with solid volume 

fractions of less than 4%. Nanofluids are synthesized by 

metal and metal oxides suspended nanoparticles. The 

word "nanomaterials" includes a broad variety of 

materials, including nanocrystalline materials, 

nanocomposites, nanotubes of carbon, and quantum 

dots (Pal, S. et al., 2011). Described the 

thermomagnetic based ferrofluid to develop 

microfluidic applications. Aminfar, H. et al., (2012) 

studied hydrothermal simulation of the two-phase 

model conducting an electrically conductive ferrofluid 

Sheikholeslami, M., & Ganji, D. D. (2014).  Studied the 

effects induced by ferrohydrodynamic and 

magnetohydrodynamic flows on ferrofluid flow and 

heat transfer (Ghasemian, M. et al., 2015) studied the 

heat transfer features of Fe2O3 ferrofluid flowing under 

alternating and constant magnetic fields using a mini-

channel model (Sheikholeslami, M. et al., 2015). Used 

a magnetic source to show heat transfer and ferrofluid 

flow in a semi-annulus domain as thermal radiation. In 

(Majeed, A. et al., 2016) the authors studied the effect 

of a variable magnetic field to show the forced 

convection Majeed, A. et al., (2016). In the presence of 

a dipole and a prescribed heat flux, studied heat transfer 

and unsteady ferromagnetic liquid flow over a stretch 

sheet Goshayeshi, H. R. et al., (2016). Used pulsating 

heat pipe to research the effect of particle size and form 

on ferro-nanofluid heat transfer Sun, X. H. et al., (2019) 

studied the transfer of isotropic heat and natural 

convection in the presence of a magnetic field in a 

ferro-nanofluid. Monroe et al., (2019) studied the 

ability of a ferro-nanofluid to pass heat within pipes.  

 

 Several approaches have been employed to 

study different applications of fluid dynamics and 

evolutionary equations that model ocean and shallow 

water waves. These methods include finite volume 

(Ghasemian, M. et al., 2015; Sharifi, A. et al., 2019; & 

Nessab, W. et al., 2019), control volume based finite 

element method (Aminfar, H. et al., 2012; 

Sheikholeslami, M., & Ganji, D. D. 2014; 

Sheikholeslami, M. et al., 2015; & Sheikholeslami, M. 

et al., 2016),  incompressible Smoothed Particles 

Hydrodynamics (ISPH) method (Aly, A. M., & Ahmed, 

S. E. 2020), group transformation and Lie symmetry 

methods (Mabrouk, S. M., & Rashed, A. S. 2017; 

Rashed, A. S. 2019; Saleh, R. et al., 2017; Rashed, A. 

S., & Kassem, M. M. 2008; Mabrouk, S., & Kassem, 

M. 2014; Mabrouk, S. et al., 2013; Kassem, M. M., & 
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Rashed, A. S. 2009; Kassem, M. M., & Rashed, A. S. 

2019; & Mabrouk, S. M., & Rashed, A. S. 2019).  

 

The main purpose of this work is to research 

the effect of a magnetic source on ferro-nanofluid 

incorporating iron oxide (Fe3O4) nanoparticles with 

water as a base fluid. To reduce the complexity of the 

governing equations into a simpler type of ordinary 

differential equations (ODEs), a precise transformation 

technique was developed. The numerical calculations 

have been carried out for three significant parameters 

including nanoparticles volume fraction,   , magnetic 

field strength of the magnetic source,   and temperature 

difference ratio with respect to ambient 

temperature,    
  

  
. 

 

MATHEMATICAL FORMULATION 
Let the nanofluid flow to be, steady, laminar, 

subjected to constant pressure in two dimensions. The 

governing equations describe the flow adjacent to a 

vertical plate in the presence of an originally placed 

magnetic source, as shown in Fig. 1. This case is 

mathematically modeled including the magnetization 

effect and neglecting both of induced Lorentz forces 

and diffusion in x-direction. This can be implemented 

in the form: 
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Where adjacent plate temperature is   and external boundary layer is   ,   kinematic viscosity, k denotes 

permeability,   is the thermal diffusivity and T  the distribution of temperature within the layer and the subscript, nf, 

refers to nanofluid properties. 

 

The plate undergoes the following conditions: 
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The source's magnetic potential is defined here by:  
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Fig. 1 Physical model of the problem 

 

Now, components of the magnetic field in the x and y directions are given by: 
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And the magnetic flux total is determined by: 

 ̅  √(  )  (  )  
 

  
(

 

√     
)        (2.8) 

 

The magnetization, M, and the components of the induced magnetic field,          , are given by: 

    (    )       
            

  (2.9) 

 

Normalization process can be executed to the boundary conditions in (2.4) by: 
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 Equations (2.1)-(2.3) become: 
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Boundary conditions become: 

 (   )     (   )     (   )     (   )     (   )    (2.14) 

 

INVARIANT GROUP TRANSFORMATION OF THE SYSTEM 

A group structure of one parameter ( ) is added to reduce the PDE system to an ODE system with   as the only 

variable of similarity. 

 

Formulation of the problem 

Consider the group structure to be in the form: 

   ̅    ( )    ( )                                                                                        (3.1) 

 

Using S stands for the system variables,     stands for the differential coefficients function and     real values. Partial 

derivatives become: 
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The problem analysis 

Equation (2.10) becomes: 
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  ( ) Stands for an equivalence parameter and slashes stands for the transformed variables. Using (3.1) and (3.2) into 

(3.3) leads to: 
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Similarly, equation (2.11) becomes: 
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Using (3.1) and (3.2) into (3.5) leads to: 
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Similarly, equation (2.12) becomes: 
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Then, using (3.1) and (3.2) into (3.7) leads to: 
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Invariance condition results in: 
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 Finally, group G become: 
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The complete transform of the system:   

Using Morgan's theorem (Sun, X. H. et al., 2019) which states that: 

  ∑ (       )
   

   
   

    (3.12) 

 

The system reduces from independent variables to one similarity variable, where dependent variables  

            become invariant new similarity variables.    original system variables (               ) ,    group 

transformed variables and the            are defined as: 
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Transformation of the independent variables(   ): 

A single similarity variable has been obtained by applying equation (3.12) to independent variables    . 

Following the same steps in (Mabrouk, S. M., & Rashed, A. S. 2017; Saleh, R. et al., 2017; Rashed, A. S., & Kassem, M. 

M. 2008; Mabrouk, S., & Kassem, M. 2014; Mabrouk, S. et al., 2013; & Kassem, M. M., & Rashed, A. S. 2009), the 

variables are given by: 
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While the dependent variables become: 
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Where  ( )  ( )   ( )      ( )arbitrary functions to be evaluated during the reduction process. 

 

Now, the system (2.11)-(2.13) becomes: 
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Where                  , we indicate derivative with respect to   by dashes. To simplify equations (3.16)-

(3.18) we can use the following simplifications: 
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In order to ensure that equations (3.16)-(3.18) are ODE, the A’s values must be either functions of   or constants. 

 

 

 

 

 

We Can Get The Following Results From Analysis: 
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The final form of ODE system becomes: 

           (3.24) 

                   
   

 
(       )
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                          (3.26) 

subjected to the boundary conditions described by (2.14). 

 

where the nanofluid parameters are calculated by the following relations relative to the properties of base fluid, 

nanoparticles properties and volumetric fraction of nanoparticles addition. 
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RESULTS AND DISCUSSION 
 The equations, (3.24)-(3.26), subjected to boundary conditions, (2.14) have been solved numerically using 

Runge-Kutta method in order to study the effects of the three parameters under consideration. 

 

Effect of nanoparticles volumetric fraction,   

The findings indicate that growing volume corresponds to a strong decrease in all ferrofluid velocity elements, 

as nanoparticles form barriers in the flow of fluid. A significant drop in shear stress and temperature distribution is also 

observed. At the other hand, the heat flux within the boundary layer decreases. These findings are shown and 

demonstrated in Figs. 2-5. 
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Fig. 5.  Effect of ϕ on heat flux 

 

Effect of magnetic field strength of the source   

The difference of the magnetic source power 

has a noticeable effect on the temperature and heat flow 

inside the layer. This has a minor impact on all 

nanofluid velocity components and shear stress. All are 

raised due to a rise in magnetic source power as seen in 

Figs. 7-11. 

 

 

Effect of temperature difference ratio with respect 

to ambient temperature    

Moreover, the results show that increasing 

temperature difference ratio with respect to ambient 

temperature,   , leads to a corresponding increase in 

flow velocity, shear stress and temperature distribution. 

On the contrarily, the heat flux is decreased as 

illustrated as illustrated in Figs. 12-16.
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CONCLUSIONS 
The effect of a variable strength magnetic 

source on the ferro nanofluid flow adjacent to a vertical 

plate has been studied. The nanofluid consists of water, 

a base fluid that contains magnetite iron oxide (Fe3o4) 

nanoparticles. This work combines the effect of three 

parameters of the fluid  , , and    . The results showed 

that both velocity components decrease inside the 

boundary layer when          increase and slightly 

increase when   values increase. The shear stress and 

temperature distribution of the fluid inside the layer 

decrease when   increases while both increase when 

the other parameters increase. On the other hand, the 

heat flux increases only when   values increase.

 

 

Nomenclature 

Latin characters 

x vertical distance 

y horizontal distance from the plate 

u velocity component in x-direction 

v velocity component in y-direction 

k permeability coefficient 

T temperature of the fluid 

   Curie temperature 

   temperature outside the boundary layer 

H the magnetic field strength 

      components of the magnetic field intensity 

      magnetic induction components  

   Prandtl number 

K, Q group coefficient function 

a group parameter 

Greek characters 

  kinematic viscosity of the fluid 

   magnetic permittivity of vacuum  

  magnetic field strength of the source 

   temperature difference ratio with respect to ambient temperature    
  

  
 

  volume fraction 

  fluid conductivity  

  fluid density 

  thermal diffusivity 
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