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INTRODUCTION
In this paper, we are interested in the nonnegative solutions for the singular nonlinear diffusion problem
y = div(|[Vu|"*Vu) + ,)'.|H|”_2rr {z,f) e Q= (0,7,
ulx, t) = (0, (. t) e &%) = (0,71, (1.1)

ulx, 0) = uglx), x e £

Where T" = (). €1 is a bounded domain in {i* with appropriately smooth boundary (£, 1 < p.q. A =10
and (. satisfies the following conditions:

(H) 0<ug e CENWIQ),  uy=0 on I

This type of equations arise in biological and astrophysical context. In combustion theory, for instance, the
function (. ¢] represents the temperature; the term dliv( |V u|#~ 2% u) represents the thermal diffusion and A |~ i
is a source. Equations (1.1) arises also in some models describing physical phenomenon. For example, when i+ — (I,
equation (1.1) is the evolution p-Laplacian. Equations of this form are mathematical models occurring in studies of non-
Newtonian fluid theory [3,4], non-Newtonian filtration theory [5] and the turbulent flow of a gas in porous medium [6].
When 1+ — 2, the blow-up properties of the semilinear equation (1.1) has been investigated by many researchers. For
1= 2, the main interest in the past twenty years lies in the regularities of weak solutions of the quasilinear parabolic

equation (see [8-11]).

In present paper, our interest is to investigate the extinction of the nonnegative solution i in (1.1), i.e. there
exists a finite time T' == (1, such that the solution is nontrivial for i} <t { < T, but wix.f) =10 for all
(.)€ €2 [T, +oc). In this case, T is called the extinction time. The first result on extinction is due to
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Kalashnikov in 1974 (see [1]). For homogeneous Dirichlet boundary value problem of semilinear heat equation as
follows:

y = S — ul, (x.1) € Q= (0, 00),
ulx, t) = 0, (1) € = (0,7, (1.2)
ulx, 0} = uglx), x e {},

The most complete conclusions were obtained in [2]: A nontrivial solution of (1.2) vanishes in finite time if and
only if i} < g = 1 (i.e. strong absorption will cause extinction in finite time). More extinction properties of (1.2) have
also been considered extensively by several authors (e.g. [7, 12] and the references therein).

In [2], Gu also gave a simple statement of the necessary and sufficient conditions of extinction of the solution to
the following problem:

ty = div( |Vl 2Vu) — Auf, (a.1) € 2 = (0, 00),
ulx, t) =, (1) e a) = (0,7). (1.3)
wla, 0) = uylx), x e £,

With X == (1. He proved that if j» = (1,2]) or ¢ < (0), 1) the solutions of the problem vanish in finite time, but
if u 2> 2and ¢ 2= 1, there is non-extinction. In the absence of absorption (i.e. — (1), Dibenedetto [13] and Yuan et al.
[14] proved that the necessary and sufficient conditions for the extinction to occur is p = (1, 2].

In [15], Li established conditions of extinction of the solution to the following porous medium problem:

p = An"™ + AuP, (r 1) 2 Q2 x (0,00,
ulx, t) =, (1) e a) = (0,7). (1.4)
wla, 0) = uylx), x el

with () << m <2 1, 5, A = (1. Where {1 is an open bounded domain with smooth boundary? They showed that
if o =, the solution with small initial data vanishes in finite time, and if 1 < #, the maximal solution is positive for
all ¢ = 1. If o, then first eigenvalue of the Dirichlet problem plays a role.

Roughly speaking, for the problems (1.2) and (1.3), there is a comparison between the diffusion term and the
absorption term, and fast diffusion or strong absorption will lead any bounded nonnegative solution to zero in finite time.
But in (1.1) and (1.4), the nonlinear source "' is physically called the ““hot source”, while in (1.2) and (1.3), the
source % is called the ““cool source"; the different sources have completely different influences on the properties of
solutions (we refer the reader to [13, 15, 16]). For problem (1.1), with a “"hot source", it has been shown that the solution
blows up in finite time for sufficiently large initial data (see [17]). In this paper we will show that the solution of (1.1)
vanishes in finite time for sufficiently small initial data.

It is well known that Eq. (1.1) is degenerate if 1+ == 2 or singular if 1 < p» == 2, since the modulus of ellipticity
is degenerate (v = ) or blows up (1 < p < 2) at points where %71 = {1, and therefore there is no classical solution in
general. For this, a nonnegative weak solution for problem (1.1) is defined as follows.

For convenience, define {2y = £} = (1), 77). T = (). Denote (3 and '-'J'r for ;» = [l by

Q= {reQule) >0}, Q= {reQdist{z,d2) > p}h.

Definition 1.1. A nonnegative function i« is called a weak solution of problem (1.1), if and only if
e L(0) N L (0. T W, (€), w, € L2(24), and there holds

/ [ (g + |Vu|"*VuVe — Aul*ug)dedt = 0, (1.5)
g Ja,
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And
lim | |ule,t) — wgx)|de =0,

§— ST
Where the text function (. £) € C77 (2],

Remark 1.2. To define weak solutions for the problem with arbitrary nonnegative function
e L(Q4) N LP(0,T; W, (1)) as its boundary value, it suffices to require instead of

we L2(Q4) 1 LP(0, T W, "(£2)). Furthermore, because of the denseness of (2517 1inL?(0, T; W, (€1},
one can assert that the above equallty holds for anyio & L>(€27) 11 LP(0, T; W, (2)).

Similarly, to define a subsolution (resp., supersolution)w{:r, ) {resp., i{x, £)), we need only demand

-

w0 < uglax) (resp., T, 0) = wugla))in U3, wla, 1) < 0 (resp., @z, 1] = 0) ond€? » [(). T, and equality in
(1.4) is replaced by = (resp., =) for every =(x) = ().

The rest of the paper is organized as follows. In Section 2, we will give some preliminary lemmas. We will
prove extinction results in Section 3.

Preliminary
Before studying our problem, we will give some lemmas, which will be useful tools in our later proofs. First, we

establish the comparison principle; we begin with a simple lemma which provides the necessary algebraic inequality.
Lemma 2.1. For all -, iy = I#™ there holds

- o : Cullz] + W) )P~ %z — y)?. Sif opo= 1L

|._|-J'|‘I .2"!. |U|'I 2_|'_,I'J| ) [.I' If)':' i _1| ..| | -J.lrl.. u - ! :

Calr — ylP, i p =2,

Where (7} and (s are positive constants depending only on .

For the detail of this lemma, we refer the reader to Lemma 4.10 in [17] and Lemma 2.1 in [18]. Now, we prove
the following comparison lemma:

Lemma 2.2. Suppose that wfa:,t], w[a,t] are a subsolution and a supersolution of (1.1) respectively, then
w1} < Ta, fae in b2y,

Proof. For small ¢, set

0 Soh =
il r; 0 <<
| a < 0,

then ;{7 ] is a piecewise differential function.

Letting (2(, 1) = psl (0 — %) {x, ), it is easy to verify that :7{:r, ¢] is an admissible function in Definition
1.1. According to (1.5) in Definition 1.1, we have

/ w(r, toe(r. to)dr — / w(r. t el by )dr < / / {ug, — |Vul"™ WuVe+ A
Ji Jao Jo Ja

.'r|" }rfrnrf

(2.1)
And
" o f o »
/ Tz ta)g (. ta)da fﬁ[.-!'.h:'.,_T':.r'..!’|:|{.f.1' < / /{n;x IVa[P-IVaVe + ATt} drdt.
Jo 0 o, Jo
(2.2)
Lett)y =7, fa =7+ h<T,7.h =0,and w = u — T, then by (2.1) and (2.2), we obtain

r+h
/W o, 7+ h)ps(wle,r+ h))de < / (a7 ps(wlz, 7)) dx -|-[ /,,,,In wwgdrds
Jo
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T+ r+h
_/. [”vﬂl;r—?vﬂ_lvﬁ p—ﬂvﬁjvm[ﬂ—ﬁ}r[r'rfﬁ+};[ []I'J,g{.;.-;[_.r'_ H_‘J],[£|r.'—2£_|ﬁe;—ﬂﬁ};.r.f:r-r.f.ﬁ.
T Wi ST Rt
(2.3)

Dividing (2.3) by fi and integrating 7 over ({}, 1], f <= T, we obtains

t t
f i/:.J{_:.',T—h_]pﬁ{m(_::__r+h:l:lrf.:.'drf.f lf.u;[.r.’r:lpg{.u;(_rr: 7) Jdrdr
o b/ o o
i ]. r4-h i 1 r+h ) )
f —/ fu:pi;[o;]w,d.r'rfsrfr / —/ /{ VulP *Vu— |Vu|" *Vu)Vps(u — i)drdsdr
o hJs S o hJSe o
fl T4 )
+,lf E/ fp,if_:u{:r. s))(|u|**u — [@" 1) pdedsdr. (2.4)
] T 1.

Let f» — (¥, by the properties of Steklov's averages (see [2,11]) and simple calculations, we get

f
fm{.r. tipslw(z, t))de EfM{.I::{]]ﬂgiu_.‘l:.}'.”:I_]ﬂ.r.'i"+ [ f:-u'p;-{.u_:]l:-u',,.rf_::rfx
1. 1 SO S0
f . of
—[ /I:|?ﬂ|f"_-‘h\_f"g—|'\T"ﬁ|”_3?ﬁ\]?;}ﬁ[E—H]ff.1'53.5+z\-/ fp,;{.;d[.r. .-::flj[|g|"'_2ﬂ—|H|q_3ﬁ;h,.::.l'.r;.l'.-,'.
Ju Ja 0 Jn

(2.5)
Now, we deal with the terms in (2.5). Firstly, define
I ={(x,s) €8y : ulr s)=0}
Iy ={(r,8) e : wlr,s)#£0 and wlx, s) =0}
Ii={lz.s)€w : wulr.s)#0 and wu(r s)# 0}

Since py{wiar, s)) = 0in f, wy(x, 5} = wlr.s)in fo, and u, @ € L7({25]), we have

f fp,-;[;;{.r.s}][u|"' fu—u|" *u)deds < {j-[ // f 3|72 u— |1t %) pg (i, 8) )deds
0 J0 Iy z In
< H-—] | ggw+rf;rds+j (" 2u — |77 %5 )w, drds < _-U[ [u;.l_fi.rrfa’.*s.
o o g 0o J0

ot . w(t) wi )
| j / wplww,drds| = | j f wpy(w)dwdr| < f j w |5 (w)|dwdz
LA 0 <L en (0] 0 S0
1 o
<= wydwde =0, as o =07,
S Jo

Secondly, for {+ = 1, by Lemma 2.1, we have
(|Vul"*Vu — |Va"* Vi) Vs (u — ) = 0

And

Finally, we have |, w(x,0)ps(w(x, 0)jde = 0, and ¢ 7 Uaein?, wps(w(r, ) increasing and tends to

i1
wipas Al =10

Hence, we may let i —+ (1in (2.5) to obtain

t
f:uﬂ:::,f}d.r{_: }u‘urf fu..l.._{l t)drds.
. 0 J0

By Gronwall's inequality, we obtainlf-! ) wy o, d)de = 0,ie w < W ae. int), . The proof is complete.

The first eigenvalue A, of the following problem plays a crucial role:
—div(|Vo[" *Vo) = M| %o, in Q; ¢lan = 0. (2.6)
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Next we will introduce the following lemma on the properties of the first eigenvalue 4, and the corresponding
eigenfunction ¢(.c'].

Lemma 2.3. There exists a positive constant 4 | [} with the following properties:
(i) For any A = A;([£2], the eigenvalue function (2.6) has only the trivial solution () = 1.
(ii) There exists a positive solution ¢ & 11 []I PN fT[ﬁ] of (2.6) ifand only if A = A;[£2].
(iii) The collection consisting of all solutions of (2.6) with A = A;{w’) is a one- dimensional vector space.
(iv) If L}, and 3., are bounded domains with smooth boundary satisfying {3, — %1, then
Ay} = Ag(f2s).
(v) Let €11 be a sequence of bounded domains with smooth boundaries such that £}, £}, and

L2 ]flr ﬂ,then.fr.'.u,, e M (8 ) = A (120

This lemma follows from Lemmas 2.1, 2.2 in [19] and Lemma 1.1 in [17].

The properties of the first eigenvalue f; and the corresponding eigenfunction :(:1:} of the eigenvalue problem
M =My, in € i gn = 0, (2.7)

Are well known (see [20]). Moreover, we can define f; using the “Rayleigh quotient”:
o 1[5, Vu|*dr
fh = inf =

|? ¥
LI o (2.8)
uc M {Hul [ TR0

We will give a similar quotient for the first eigenvalue A of (2.6) as follows.

Extinction of the solution
In this section, we consider the extinction of the solution to problem (1.1).

Theorem 3.1. Let i1 be a weak solution of (1.1), then for sufficiently small initial data, there exists a finite time T* such
that w = (I forall {x, 1) € L1 = [T, 4.

Proof. Multiplying the first equation of (1.1) by »*, 5 = ], and integrating over ' 1, we obtain
1 d

- s+1 . !U.” - qg—2, s+l . B
Soidl 5;” ir + rp— l‘l“/ |TH P | ‘ol }-.‘[5? |'I| (TR ¥ o I:-i.l]

By Lemma 2.2, if iy < ked(r) in b2, for sufficiently small & == [1, ¢3(.'1is the positive first eigenfunction of
(2.6), and max, @) = 1, it can be easily verified that ki.w} is a supersolution of (1.1); then, we have
wl(ar, b) < k() forall (. ) €2 » {0, 1). From this, (3.1) can be rewritten as

1 i s
“ w e + L [ |"-.,_n » |'”r|fr < o2 e
5 l!'h!” l‘-—'-_“‘— ]':”I"{ 0

1 d
s+ 1t

Then we have

s+1 0g—2 |
w e < k9 / w e,
0

-/ u e < (s + 1)k [ *“G_Id"!"
0 Jo

To which the above argument can be applied. The proof of Theorem 3.1 is complete.

By integration, we have
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