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Abstract: In this paper, we present finite difference Algorithm called the Restrictive Taylor Approximation (RTA) is 

implemented to find the numerical solution of Burgers’ equation which is nonlinear partial differential equation. This 

method is a new explicit method. The accuracy of the method is assessed in terms of the absolute error. Finally we derive 

the stability conditions in term of equation parameter and the discretization. 
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INTRODUCTION  

Burgers’ equation was first introduced by Bateman (Bateman 1915) and then treated by Burger (Burger 1939; 

Burger 1948) as a mathematical model for turbulence. Burgers’ equation can be solved exactly for a restricted set of 

initial functions. Hopf (Hopf 1950) and Cole (Cole 1951) independently showed that this equation can be transformed to 

a linear diffusion equation and solved exactly for arbitrary initial conditions. 

 

Study of the general properties of Burgers’ equation has motivated considerable attention due to its applications 

in areas such as number theory, gas dynamics, heat conduction and elasticity.  

 

Many researchers have introduced various methods to solve Burgers’ equation. For example, recent 

developments in this area include: invariantization of the Crank–Nicolson scheme for Burgers’ equation developed by 

Kim (Kim 2008), a numerical method based on the Crank–Nicolson scheme developed by Kadalbajoo and Awasthi 

(Kadalbajoo and Awasthi 2006), Gülsu (Gülsu 2006) used finite difference approach to solve Burgers’ equation.  

 

Sakai and Kimura (Sakai and Kimura 2005) developed a numerical scheme based on a solution of nonlinear 

advection–diffusion equations, both Dag˘  and  Saka  (Dag˘  and  Saka  2005) and Dhawan et al. (Dhawan et al. 2011) 

used cubic B-splines to develop a numerical method for Burgers’ equation, Kutluay  and Esen  (Kutluay  and Esen  2004) 

developed a linearized numerical scheme for Burgers’-like equations, Refik (Refik 2003) developed fully implicit finite-

difference scheme for two-dimensional Burgers’ equations, Kutluay (Kutluay  et al.1999) developed explicit, Kapoor and 

Dhawan   (Kapoor and Dhawan 2010) introduced Galerkin B-spline finite element method, finally exact-explicit finite 

difference methods for one-dimensional Burgers’ equation and A restrictive type of Padé approximation (RPA)was 

introduced by Ismail ( Ismail et al.  2004).  

 

Burger equation is solved numerically in all the previous references and the numerical solution is compared with 

the exact solution at various grid points. In this paper we introduce the numerical solution of both Burger and Modified 

Burger Equation by Restrictive Taylor Approximation. 

Galerkin B-spline finite element method 

 

RESTRICTIVE TAYLOR APPROXIMATION FOR THE MODIFIED BURGER EQUATION 

We use the Restrictive Taylor Approximation (RTA) as done in (Ismail et al.  2004; Ismail et al.  2001; Ismail et 

al.  2014). to solve the Modified Burger equation on the form: 

  

  
   

  

  
   

   

   
                              (1) 

where      are constant. 
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We define first derivative with respect to x, t and the second derivative with respect to x on the form: 
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The approximation of the partial derivative    and     
    at the grid point (     ) will take the forms 
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where               

 

But restrictive Taylor’s approximation of the first order RT 1,exp(xA) of the exponential matrix function exp(xA), as done in 

(Ismail et al.  2004; Ismail et al.  2001; Ismail et al.  2014), will take the form. 

 

       (  )        
                                                   (7) 

where A is           real constant matrix, I is the identity matrix and    
       

  is the diagonal matrix of the 

restrictive term. 

 

Then the restrictive Taylor’s approximation for the Modified Burger’s equation in scalar form is: 
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NUMERICAL EXAMPLE FOR RESTRICTIVE TAYLOR APPROXIMATION FOR MODIFIED BURGER’S 

EQUATION  

 

Example 1:  

The modified Burger’s equation 
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with initial condition 
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and the boundary conditions 

 (   )                     
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which have the exact solution on the form. 
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To find the numerical solution, it was divided the position to       and the time to          and solve 

example (1) using the finite difference equation (8), the absolute error in Table 1 and Table 2  at           respectively 

for various values of time and position. 

 

Table 1 : The absolute error of the solution of example (1) using RT method at time step k=0.001 and h=0.1 for 

various values of x,t and        

T Absolute Error 

x = 0.2 x = 0.6 x = 0.8 

0.01 

 
                                                                       

0.05 

 
                                                                      

0.1 

 
                                                                     

0.5 

 
                                                                 

1 

 
                                                               

2 

 
                                                               

5 

 
                                                               

10 

 
                                                             

 

For γ=1 the executive time of calculating 10 000 steps by restrictive Taylor method is 3.203 Seconds which is 

relatively very small. 

 

 
Figure 1: Exact and Numerical RT Solution of Example (1) at  t=0.1 and       
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Figure 2: Exact and Numerical RT Solution of Example 1 at  t=1 and γ=0.1 

 

The above graph represents that both numerical and exact solutions are very closed. 

 

Table 2: The absolute error of the solution of example (1) using RT method at time step k=0.001 and h=0.1 for 

various values of x,t and γ=1 

T Absolute Error 

x = 0.2 x = 0.6 x = 0.8 

0.01 

 
                                                                     

0.05 

 
                                                                        

0.1 

 
                                                                        

0.9 

 
                                                                      

1 

 
                                                                      

2 

 
                                                                        

5 

 
                                                                      

10 
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Figure 3: Exact and Numerical RT Solution of Example 1 at t=0.1 and γ=1 

 

For γ=1 the executive time of calculating 10 000 steps by restrictive Taylor method is 3.07 Seconds which is 

relatively very small. 

 

 
Figure 4: Exact and Numerical RT Solution of Example 1 at t=5 and γ=1 

 

 Example 2:  

 Restrictive Approximation for Viscous Burger Equation on the form: 

  

  
  

  

  
   

   

   
                              (13) 

 

It contains the simplest form of nonlinear advection term     and dissipation term      where        ( : kinematics 

viscosity and Re: Reynolds number) for simulating the physical phenomena of wave motion and thus determines the 

behavior of the solution.  

  

 At                      the  exact solution is given by 
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The boundary and the initial conditions are taken from the exact solution.  

with initial condition      (   )        
 

 
 

and the boundary conditions        (     )  
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Then the restrictive Taylor’s approximation for the Burger’s equation is: 
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The computational domain is [0.5,1.5] at          . The numerical results are obtained by RTA scheme Eq. 

(15) at              . In Table 3, we show the absolute error. We expand the computation domain to      [-10,10] 

and plot the RTA solution and exact solution in Fig. 7 for           with        and         at times t =1. 

  

 

Table 3: The absolute error of example (2) using RT method at time step k=0.001 and h=0.2 for various values of 

(x, t) 

t Absolute Error 

x = 0.4 x = 1 x = 1.6 

0.05 

 
                                                                    

0.09 

 
                                                                    

0.1 

 
                                                                    

0.5 

 
                                                                    

1 

 
                                                                    

2 

 
                                                                   

5 

 
                                                                    

10 

 
                                                                    

 

 

 
Figure 5: Exact and Numerical solution of example 2 at  t=0.5 
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Figure 6: Exact and Numerical solution of example 2 at  t=10 

 

 
Figure 7 : RTA solutions (square) and exact solutions (Solid) at times t = 1 of Example 2 

 

THE STABILITY ANALYSIS MODIFIED BURGER’S EQUATION 

Using Von Neuman method for the finite difference equation (8), assume a Fourier component for      as 

defined in the form  

                     (16) 

where    √  ,    is the amplitude at time level k is the wave number and     . 

And the nonlinear term      to linearize the nonlinear equation, then the stability condition of the finite difference 

equation (7) is          

where 
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So the stability condition is:  
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CONCLUSIONS  

The Restrictive Taylor Approximation (RTA) is a type of finite difference approximation. The results in tables are 

close to exact solution. This proves that our restrictive method at some cases obtains the exact solution. The executive 

time of calculating of Restrictive Taylor Approximation is relatively very small. RTA gives the numerical solution which 

is very close to the exact solution if it is known at one level of time, for example at           (   )   (    )    
 ( ) . Without knowing the exact solution at one level, we try to use an approximate, fast efficient and accurate method 

with suitable very small step sizes h and k, to get the needed almost exact solution at specific level, after which we 

continue the usual Restrictive Taylor process.  

 

REFERENCES: 

Bateman H (1915). Some recent researches on the motion of fluids.Mon. Weather Review 43, pp. 163 – 170. 

Burgers JM (1939).  Mathematical examples illustrating relations occurring in the theory of turbulent fluid motion. Trans 

Roy Neth Acad Science, Amsterdam 17, pp. 1 – 53. 

Burgers JM (1948). A mathematical model illustrating the theory of turbulence. Advances in Applied Mechanics, Vol. I, 

Academic Press, New York. pp. 171 – 199. 

Cole JD (1951). On a quasilinear parabolic equation occurring in aerodynamics. Quarterly of Applied Mathematics 9, pp. 

225:236. 

Dag˘ I., Irk D and  Saka B (2005). A numerical solution of the Burgers’ equation using cubic B-splines. Applied 

Mathematics and Computation Vol. 163 ,199–211. 

Dhawan S, Kumar S,  and  Kapoor  S (2011). Approximation of burgers’ equation using B-spline finite element method. 

Int. J. of Appl. Math. and Mech. 7(17), pp. 61-86 

Gülsu M (2006). A finite difference approach for solution of Burgers’ equation. Applied Mathematics and Computation 

Vol. 175 , pp. 1245–1255. 

Hopf  E (1950). The partial differential equation               . Communications on Pure and Applied Mathematics 

3 , pp. 201–230. 

Ismail H N A, Elbarbary EM E and Salem GSE (2004). Restrictive Taylor Approximation for Solving Convection – 

Diffusion Equation. Applied Mathematics and Computation 147, pp. 355–363. 

Ismail HNA  and Abd Rabboh AA (2004). A restrictive Padé  approximation for the solution of the generalized Fisher 

and Burger–Fisher equations. Applied Mathematics and Computation 154 , pp. 203–210. 

Ismail HNA, and Elbarbary EME (2001). Restrictive Taylor approximation and Parabolic Partial Differential Equations.  

International Journal of Computer Mathematics Vol. 78, pp. 73–82. 

Ismail HNA, Rageh TM and Salem GSE (2014). Modified Approximation for the KdV- Burgers Equation.  Applied 

Mathematics and Computation 234, pp. 58–62. 

Kadalbajoo MK and  Awasthi A (2006). A numerical method based on Crank–Nicolson scheme for Burgers’ equation. 

Applied Mathematics and Computation 182 , pp. 1430–1442. 

Kapoor S and Dhawan  S (2010). A computational technique for the solution of burgers’ equation. Int. J. of Appl. Math. 

and Mech. 6(3), pp.  84-95. 

Kim P (2008). Invariantization of the Crank–Nicolson method for Burgers’ equation. Physica D 237 , pp. 243–254. 

Kutluay S , Bahadir AR and Özde  A (1999). Numerical solution of one-dimensional Burgers equation: explicit and 

exact-explicit finite difference methods. Journal of Computational and Applied Mathematics 103 , pp. 251–261. 

Kutluay S, Esen A (2004). A linearized numerical scheme for Burgers-like equations. Applied Mathematics and 

Computation 156 , pp. 295–305. 

Refik A (2003). A fully implicit finite-difference scheme for two-dimensional Burgers’ equations. Applied Mathematics 

and Computation 137 , pp. 131–137. 

Sakai K and  Kimura I (2005). A numerical scheme based on a solution of nonlinear advection diffusion equations. 

Journal of Computational and Applied Mathematics 173 , pp. 39–55. 


